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A poset (P,<p) is a set P with a relation <p such that for all
x,y,2 € P,we havex <px;x<pyandy <pr — y = x; and
r<pyandy<pz = x<p 2.

d {a,b,c}
N N
a b {a,b} {a,c} {b,c}
\/ ><{b}><{c}

~ 7

{

{a}
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Poset Map

If P and () are posets, then f: P — () is a poset map if for all
z,y€ P, x<py = f(z) <q f(y)

fiP=Q

/ \ (a)/ \f
\ / \f(C)/
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Poset Isomorphlsm

A poset map f : P — () is said to be order-reflexive if for all
z,y € P, f(z) <q fly) = =<py.

Definition

A surjective, order-reflexive map f : P — () is called a poset
isomorphism.
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Definition

An isomorphism f : P — P is called an automorphism. The set of
all automorphisms is denoted as Aut P and is a group under
composition. For any poset P with p points, Aut P < p!

NN
N N

Aut P = Zg
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| NI
N %

AutQ = 55 (Barmak '09)
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Preliminaries

Barmak and \ITIEL

Theorem (Barmak, Minian '09)

If G is a finite group of order n with r elements, then there exists a
poset P with n(r + 2) points such that Aut P = G.

Theorem (Barmak '20)

If G is a finite group, then there exists a poset P of 4|G| points such
that Aut P = G.
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1939 - Robert Frucht proves that if GG is a finite group of order n
with r generators, then there exists a poset P with n(r + 2)
points such that Aut P = (G. His paper was translated into
English in 1949.

1946 - George Birkhoff proves that any finite group G is the
automorphism group of some poset P.

1972 - M.C. Thornton proves that if G is a finite group of order
n with 7 generators, then there exists a poset P with n(2r + 1)
points such that Aut P = G.

2009 - Barmak and Minian unknowingly reprove Frucht's
theorem

2020 - Barmak proves that the poset P has 4|G| points
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Beta Values of Groups

B(G) = min{|P| : P is a poset with Aut P = G'}.
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000000000 0e

Beta Values of Groups

B(G) = min{|P| : P is a poset with Aut P = G'}.

v p=2 2L < B(Zgr) < 261 4 12 if k> 2
» p=3,5 20" < B(Zp) < 2p% +3p
® p>7 208 < B(Zy) < 20" +p
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Theorem Barmak 20

B(Z3) =9

An orbit of an element x is all possible destinations of x under group
action.

I >< =K
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Theorem Barmak 20

B(Z3) =9

An orbit of an element x is all possible destinations of x under group
action.

> XX
2 orbits of 3 = Aut P # Z3

3 orbits of 3 =— Aut P = Z3
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B(S,) =nforallneN

Ricardo Garcia, Mehek Mehra, Joelle Ocheltree Automorphisms of Posets August 2, 2022 16 /58



Minimal Posets Finite
[e]e] Je]ele)

Proposition (C., G., M., O., S., '22)
B(S,) =nforallneN

9 IfAutP =S5, n>1and |P|=k
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Proposition (C., G., M., O., S., '22)
B(S,) =nforallneN

9 IfAutP =S5, n>1and |P|=k
] AutPSSK
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Proposition (C., G., M., O., S., '22)
B(S,) =nforallneN

9 IfAutP =S5, n>1and |P|=k
] AutPSSK

S, =AutP<Sxk — nl <kl = n<k
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B(S,) =nforallneN

9 IfAutP =S5, n>1and |P|=k

] AutPSSK
S, =AutP<Sxk — nl <kl = n<k
 AutP=5,
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000000

B(S,) =nforallneN

9 IfAutP =S5, n>1and |P|=k

o AutP < Sk

S, =AutP<Sxk — nl <kl = n<k
 AutP=5,

9 3(S,) =nforallneN
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Conjectures

There is a nice proof of 3(Z,) = 12

R D AN ==
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Z,) = 3p for any prime p

Conjecture

B(Z,x) = 2p* + p for all primes p > 7
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Realizing Infinite Groups

Previous work has realized all finite groups (Barmak '09)

Motivating Question

Can we realize finitely generated abelian groups?

The simplest relevant example is Z
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Covers

Let x,y € P. We say that y covers x if vt <p y and there is no
2z € P such that x <p z <p y.

d

a
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Finitely Generated Abelian Groups
o 000000000000

Covers

Let x,y € P. We say that y covers x if vt <p y and there is no
2z € P such that x <p z <p y.

d

b and ¢ cover a, but
b C d does not cover a

a
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Covers

Covers are preserved under automorphisms

d

a
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Covers

Covers are preserved under automorphisms

Let f € Aut P. If b covers a then

b) covers f(a
b f(®) f(a)

a
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Covers

Covers are preserved under automorphisms

d

Proposition
Let f € Aut P. If b covers a then

b) covers f(a
b f(®) f(a)

Proof Sketch: Since f is order
reflexive, f(a) < z < f(b) implies
a< fHz)<b

a
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Realizing the Integers

Result

Let P = (Z,<) with the
usual order <. Then
0 Aut P =2 7Z

—_
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i nt1

Let P = (Z,<) with the
n usual order <. Then
0 Aut P =2 7Z

The only automorphisms of
P are f(z) = x +n for
some n € Z
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Going Further

Motivating Question

Having realized G and H, how do we realize G x H?

AUtPgZQ AUthS?,

Ricardo Garcia, Mehek Mehra, Joelle Ocheltree Automorphisms of Posets August 2, 2022 25 /58



Examples

AUtPgZQ AUthZQ
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Examples

AUtPgZQ AUthZQ
What is Aut P LI Q?
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Examples

AUtPgZQ AUthZQ

AutPI_IQgS47¥ZQ><ZQ
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Connected Posets

Definition
A poset P is connected if for any x,y € P, there exists a sequence of
points (z = 1,72, .., Yo = Yy) in P such that ~; is comparable to
Yiv1 forall 1 < i < n.
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Examples

° Aut P = 7, o Aut Q) = Zs
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Examples

° Aut P = 7, o Aut Q) = Zs
What is Aut P LI Q7
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Examples

° Aut P = 7, o Aut Q) = Zs

AutPUQ%ngZQ
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Let P = UP; be a disjoint union of nonempty posets, where each P;
is connected, and they are pairwise not isomorphic. Then,

AutP%’HAutB

.\‘/. .\f/.

AUtPquZQXS;g
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Let Py = (Z,<) and P, = Py U {a}.

>

«
Ricardo Garcia, Mehek Mehra, Joelle Ocheltree Automorphisms of Posets

August 2, 2022 30/58



Finitely Generated Abelian Groups
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ountir

Realizi

Let Py = (Z,<) and P, = Py U {a}.

We know that Aut Py = Aut P, = Z.
1 1
0 0
—1 -1
«
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Finitely Generated Abelian Groups
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Realizing

Let Py = (Z,<) and P, = Py U {a}.
We know that Aut Py = Aut P, = Z.
1 1 They are not isomorphic, Py % P,
0 0
—1 —1
«
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Realizing

Let Py = (Z,<) and P, = Py U {a}.

We know that Aut Py = Aut P, = Z.
1 1 They are not isomorphic, Py % P,
i Therefore, Aut PLUQ = 7Z x 7 = 72
0 0
—1 —1
«
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Realizing

Let Py = (Z,<) and P, = Py U {a}.
We know that Aut Py = Aut P, = Z.

1 1 They are not isomorphic, Py % P,
i Therefore, Aut PLUQ = 7Z x 7 = 72
0 0 We can extend this result to

Aut | | P=Z

-1 -1 0<i<r

«
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Let Py = (Z,<) and P, = Py U {a}.
We know that Aut Py = Aut P, = Z.

1 1 They are not isomorphic, Py % P,
i Therefore, Aut PLUQ = 7Z x 7 = 72
0 0 We can extend this result to

Aut | | P=Z

-1 -1 0<i<r

7 is realizable for all r € N.

«

Ricardo Garcia, Mehek Mehra, Joelle Ocheltree Automorphisms of Posets August 2, 2022 30/58



Finitely Generated Abelian Groups

00000000000 e0000

Realizing All F.G.A.G.

Every finitely generated abelian group G can be decomposed as

G=Z" XLy X Liny X ... X L,

Ricardo Garcia, Mehek Mehra, Joelle Ocheltree Automorphisms of Posets August 2, 2022 31/58
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Main Result

® We know all F.G.A.G are isomorphic to Z" x T.
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Finitely Generated Abelian Groups
0000000000008000

Main Result

® We know all F.G.A.G are isomorphic to Z" x T.

® Given G and H, we know how to realize G x H
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Finitely Generated Abelian Groups
0000000000008000

Main Result

® We know all F.G.A.G are isomorphic to Z" x T.
® Given GG and H, we know how to realize G x H

® (Barmak '09) gives us a construction for any finite group. So T’
is realizable
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Finitely Generated Abelian Groups
0000000000008000

Main Result

® We know all F.G.A.G are isomorphic to Z" x T.

Given G and H, we know how to realize G x H

(Barmak '09) gives us a construction for any finite group. So T’
is realizable

Z" is realizable
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0000000000008000

Main Result

® We know all F.G.A.G are isomorphic to Z" x T.
® Given GG and H, we know how to realize G x H

® (Barmak '09) gives us a construction for any finite group. So T’
is realizable

@ 7" is realizable

Theorem (C., G.,, M., O., S., '22)

Every finitely generated abelian group is realizable as the
automorphism group of some poset

Ricardo Garcia, Mehek Mehra, Joelle Ocheltree Automorphisms of Posets August 2, 2022 32/58
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Free Groups

The free group Fg over the set S
is the set of reduced words that
can be built from elements of S

ab’a € S

® We have inverses:
atvltes

9 bbaa ! = b?

]
1b
® Let S ={a,b}. Then Ii > S I\
{
>
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A”Fr’artial Order On Free Groups

Theorem (C., G.,, M, O., S., '22)

Let x,y € Fg. The relation x <y <= y = xg19>...gx Where
gi € SU{1p,} makes Fg into a poset.

¥ a<asince lp, € SU{1x,}

b
¥ a<ab*sincebe SU{lp} f"i‘" a "I"f
¥ o' <a"d" =1, R 4_1_' ,_i_, v
® b is not comparable to a

>4

+

Ricardo Garcia, Mehek Mehra, Joelle Ocheltree Automorphisms of Posets August 2, 2022 34 /58
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Finitely Generated Abelian Groups
000000000000000e

Consider the map f,(z) = px for

4 some p € Fs. We proved that this
4.1_)1_»1... is a poset automorphism. Take f,
b for example:
*-1—' T a *-1—0 bl <a <<= ab'<da?
:I > > > > I:
4 4
N
1 There exists a poset P such that
*{"j‘*f* Aut P contains an isomorphic
T+ copy of Fg for any free group Fg
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Counting Automorphisms with
Python
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Counting Automorphisms
0@000000000000000000

Counting Automorphisms

How many automorphisms does this poset have?

3 4 5
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Counting Automorphisms
0@000000000000000000

Counting Automorphisms

How many automorphisms does this poset have?

3 4 5

0 1 2
We can use Python to find out
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Counting Automorphisms
00®00000000000000000

Counting Automorphisms

How does the code work?
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Counting Automorphisms
00®00000000000000000

How does the code work?
1. Finds Sp for a poset P
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Counting Automorphisms
00®00000000000000000

Counting Automorphisms

How does the code work?
1. Finds Sp for a poset P

2. Finds and counts all of the bijections that preserve the structure
of the poset
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Count Automorphisms?

Why do we find Sp?
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Counting Automorphisms
000@0000000000000000

Count Automorphisms?

Why do we find Sp?

If P is a poset, then Aut P is a subgroup of Sp.
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Groups Counting Automorphisms
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How Do We Count Automorphisms?

Why do we find Sp?

If P is a poset, then Aut P is a subgroup of Sp.

1/3\2
N
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Why do we find Sp?

If P is a poset, then Aut P is a subgroup of Sp.

3
1 / \ 9 AutP is a subgroup of Sy
0
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How Do We Count Automorphisms?

N N
S S

Getting Bijections from Sp

Let P:={0,1,2,3}.

We focus on S;.

eg. (03)eSp

This is the same as the mapping 0 — 3 and 3 — 0.
This is not an automorphism

Ricardo Garcia, Mehek Mehra, Joelle Ocheltree Automorphisms of Posets August 2, 2022 40/58
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Checking to See Which Bijections are Automorphisms

We use matrices.
We construct C' = [¢;;] where i,j € P. We set ¢;; = 1if i = j orif j
covers i. Otherwise, ¢;; = 0.

Ricardo Garcia, Mehek Mehra, Joelle Ocheltree Automorphisms of Posets August 2, 2022 41/58
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OO o= O
O O = =
— == O W
w N = o

Ricardo Garcia, Mehek Mehra, Joelle Ocheltree Automorphisms of Posets August 2, 2022 42 /58



Groups Counting Automorphisms
00000008000000000000

How Do We Count Automorphisms?

Applying a Bijection to the Matrix

Based on the bijection mappings, we swap the rows and columns of
the matrix.

Consider the bijection from earlier

0—3and 3—0

SN N
. S
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w do We Count A

1/3\2
N\
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Counting Automorphisms
00000000800000000000

ow do We Count Automorphisms?

1/3\2

— 1/0\2
NS N,

0123 312 0
0/1 110\ 3/1000
1o 10 1] 1[1 100
210 0 1 1| 72|10 1 0
3\o o001/ o\o1 11
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How Do We Count Automorphisms?

When is a Bijection an Automorphism?

A bijection is an automorphism when the bijection does not change
the matrix.
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Groups Counting Automorphisms
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How Do We Count Automorphisms?

When is a Bijection an Automorphism?

A bijection is an automorphism when the bijection does not change
the matrix.

N
S S
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Count Automorphisms?

Example:

1/3\2
NS
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Counting Automorphisms
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Example:

1/3\2

— 2/3\1
NS NS

01 2 3 021 3
0/1 110\ 0/1 110
1o 10 1] 2(0o1 01
2lo 01 1] 7 1]lo 0 1 1
3\o o001/ 30001
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Putting it All Together

The program finds Aut P by
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00000000000 e00000000

Putting it All Together

The program finds Aut P by
1. Finding Sp
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erated Abelian Groups Counting Automorphisms
00000000000 e00000000

Putting it All Together

The program finds Aut P by
1. Finding Sp

2. Constructing a matrix representation of P
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How Do We Count Automorphisms?

Putting it All Together

The program finds Aut P by
1. Finding Sp

2. Constructing a matrix representation of P

3. For each element of Sp, swapping the rows and columns of the
matrix and comparing it to the original matrix
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Putting it All Together

The program finds Aut P by
1. Finding Sp

2. Constructing a matrix representation of P

3. For each element of Sp, swapping the rows and columns of the
matrix and comparing it to the original matrix

4. Returning all of the bijections that do not change the matrix and
counting the number of such bijections
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1 Groups Counting Automorphisms
00000000000 e00000000

Putting it All Together

The program finds Aut P by
1. Finding Sp

2. Constructing a matrix representation of P

3. For each element of Sp, swapping the rows and columns of the
matrix and comparing it to the original matrix

4. Returning all of the bijections that do not change the matrix and
counting the number of such bijections
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Running the Code
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up: Counting Automorphisms
00000000000 000000

Running the Code

This poset has 2 automorphisms

The automorphisms on this poset are :

1/3\2
N
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Running the Code
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Counting Automorphisms
0000000000000e000000

Running the Code

This poset has 6 automorphisms

The automorphisms on this poset are :

Ricardo Garcia, Mehek Mehra, Joelle Ocheltree Automorphisms of Posets August 2, 2022 49 /58



Counting Automorphisms
00000000000000e00000

Running the Code

For posets P of the following form,

3 4 5
Figure: n =3

) 6 7 8 9 5 6 7 8 9
Figure:n =5
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Prelimin Counting Automorphisms

0000000000000 0e00000

Running the Code

For posets P of the following form,

3 4 5
Figure: n =3

) 6 7 8 9 5 6 7 8 9
Figure:n =5

we think that Aut P = D,,, for 3 <n <7
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Counting Automorphisms
000000000000000e0000

Running the Code
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Counting Automorphisms
000000000000000e0000

Running the Code

9 10 11

8
4
0

+
7
3

This takes too long and does not provide an output.
Why does this happen and how to we fix it?
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Counting Automorphisms

0000000000000 000e000

8
|
4
|
0

|S1a| = 12! = 479001600.
The program has to check a lot of automorphisms.
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0000000000000 000e000

Making the Code More Effi

8
|
4
|
0

|S1a| = 12! = 479001600.
The program has to check a lot of automorphisms.

How do we reduce the number of things the program must check?
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Making the Code More Effi

0000000000000 000e000

8
|
4
|
0

|S1a| = 12! = 479001600.
The program has to check a lot of automorphisms.

How do we reduce the number of things the program must check?
We can add restrictions.
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Groups Counting Automorphisms

0000000000000 0000e00

Making the Code More Efficient

8 9 10
4
|

w——=

0

|S12| = 12! = 479001600.
The program has to check a lot of automorphisms.

How do we reduce the number of things the program must check?
We can add restrictions.

We find all of the bijections for each height and their combinations
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1 Groups Counting Automorphisms

0000000000000 0000e00

g the Code More Efficient

8
4
+

9 10

w——=

0

|S12| = 12! = 479001600.
The program has to check a lot of automorphisms.

How do we reduce the number of things the program must check?
We can add restrictions.

We find all of the bijections for each height and their combinations
We only need to check [Sy| x |Sy] x |Ss| = 13824 automorphisms.
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Counting Automorphisms
000000000000000000

Running the Code
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Counting Automorphisms
00000000000000000

Running the Code

This poset has 4 automorphisms
The automorphisms on this poset are :

fo:

o o
i i
2 2
= B
4 4
5} 5
6 6
7 7
8 8
] 9
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Counting Automorphisms
0000000000000000000e

Future

Conjectures of 5(Z,)

The free group of rank r is realizable for all » > 1

® Construction of posets P such that Aut P = Dyp

Extending the code to identity Aut P for a poset P
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Thank You!
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